By using random matrix models we uncover a connection between the low energy sector of four dimensional QCD at finite volume and the Heisenberg XX model in a 1d spin chain. This connection allows to relate crucial properties of QCD with physically meaningful properties of the spin chain, establishing a dictionary between both worlds. We postulate that this dictionary goes beyond the particular example analyzed here and can be applied to other QFT and spin chain models.
The strong interaction is the fundamental force of nature which describes the interaction between quarks and gluons, the elementary constituents of hadronic matter. It is described by quantum chromodynamics (QCD), a SU (3) Yang-Mills theory with a number of distinctive properties such as asymptotic freedom [1] , which correctly describes that the interaction between particles becomes asymptotically weaker as distance decreases and energy increases. This crucial property, in agreement with Bjorken scaling and experimental data, is due to the negativity of the β function describing the variation of the coupling constant of the theory under the renormalization group flow [1] . Phenomenology also tells us that the up and down quarks are very light. The case of massless quarks implies some additional symmetries, named chiral symmetries, which would allow separate transformations between the left-handed quarks and the right-handed ones. Such behavior is not observed and hence, in a realistic QCD, the chiral symmetry must be spontaneously broken. Low energy QCD, which is the regime we are interested in, is deeply related to the notion of chiral symmetry breaking and it can be explored with chiral perturbation theory [2] [3] [4] . Recall that quarks interact weakly at high energies and strongly at low energies and, therefore, the low-energy regime is described by non-perturbative physics. Finally, chief among the features of QCD is the confinement of quarks into hadrons, either mesons (qq) or baryons (qqq). Confinement in a gauge theory is usually probed by studying the behavior of Wilson loops observables [5] .
There has been a lot of theoretical and numerical approaches to analyze QCD and related gauge theories, such as effective field theory and chiral perturbation theory [2, 3] , lattice gauge theory [6, 7] , the light-cone quantization [8] , gauge-string duality and AdS/CFT approaches [9] , etc. Very recently, and motivated by an idea of Feynman [10] , a new route has appeared to understand Abelian and non-Abelian gauge theory: simulating it in a different controllable quantum system, such as cold atoms in optical lattices [11, 12] . Some first steps for different quantum field theories (QFT) have been carried out in [13] [14] [15] [16] [17] [18] [19] [20] .
In this paper, we initiate a different, but somehow related approach. By combining a result of Leutwyler and Smilga [21] (based on the previous seminal work on chiral perturbation theory [3, 4] ) with a result of Bogoliubov et al. [22] [23] [24] [25] we uncover a mapping between the low energy sector of QCD with thermal correlation functions in the 1D Heisenberg XX model or, via a Jordan-Wigner transformation [26] , thermal correlation functions in a 1D free fermion system. The connection is made by relating both objects to a random matrix model [27] . Building upon this starting point, we are able then to relate crucial properties of QCD with physically meaningful properties of the spin chain. For instance we show that the number of flavors in QCD corresponds to the number of particles (spins down) in the 1d chain; (2) the topological charge in QCD is associated with the signature that topological 2D systems leave on their boundary theory [28] [29] [30] [31] ; (3) different matter content, such as Majorana fermions, corresponds to different boundary conditions in the spin chain; or that (4) putting QCD on the lattice enforces the addition of next-to-nearest neighbor terms in the spin chain Hamiltonian. In the Appendix we will also show how to get different Wilson loop averages by changing the positions of the particles in the spin chain. (See Table I for a summary of the connection). Finally, the connection allows us to uncover also a third order phase transition in the XX model since, again via random matrix models, one can relate both low-energy QCD and the thermal correlation functions of the XX chain with the so called Gross-Witten model, a 2d Yang-Mills theory with gauge group U (N ) and no matter fields which has a third order phase transition in the limit N → ∞ [32] .
Low energy QCD as a random matrix model Let us start by describing the derivation in [21] , which applies the ideas of effective field theory [2] to the study of the meson sector of QCD [4, 21] . Recall that the main idea of an effective field theory approach is to integrate out the heavy degrees of freedom (the most massive fields) of the theory. This is implemented to study the low-energy (meson) sector of QCD, through chiral perturbation theory (χPT) [3] with the quark and gluon fields of QCD replaced by a set of pion fields U (x), which describe the degrees of freedom of the pseudo Nambu-Goldstone bosons. The effective Lagrangian depends only on the pion fields and its derivatives
Chiral symmetry provides a tight constraint to the form of these terms and, in particular, the first term L (0) eff is just a constant which is the vacuum energy of QCD in the chiral limit. The first non-trivial term is L (2) eff and is given by [2, 3] 
where M is the quark mass matrix, F is the pion decay constant, and Σ is the chiral condensate (which describes the spontaneous chiral symmetry breaking). This Lagrangian holds under the condition for the volume V 1/4 ≫ 1/Λ QCD where Λ QCD is the length scale of QCD [4] . In this way only the Goldstone modes contribute to the mass-dependence of the partition function [4] .
In addition, for quark masses for which the Compton wavelength of the Goldstone modes is much larger than the size of the box 1/m π ≫ V 1/4 [54] , the fluctuations of the zero momentum modes of the pion fields dominate the fluctuations of the nonzero momentum modes and only the former are taken into account in the thermal average [21] . These two conditions on the volume are now known as the kinetic domain [33] since the kinetic term of the chiral Lagrangian can be ignored, and only the constant fields contribute to the mass dependence of the low-energy partition function, which reads [4] 
Note that the inverse temperature β of the gauge theory does not appear since, in the low-energy effective field theory, one can absorb it in the low-energy constants [4] . The appearance of the θ parameter is because, due to the explicit breaking of the axial symmetry U A (1), one is naturally led to also consider the addition of a theta term to the original QCD Lagrangian [21] 
where the field strength and its dual are given by [34] 
with f abc the structure constants of the gauge group SU (N c ). This is the same topological term that appears in topological insulators [35] . The topological charge
is a topological invariant and the QCD partition function is then written as [21] 
The effective partition function at fixed ν follows then from Fourier inversion [21] 
(2) Now, using Weyl's integration formula, and assuming that M is a multiple of the identity, that is, the masses of all quarks are taken identically m, one obtains [21] 
Notice that this matrix model (an integral of this type with a Vandermonde term e iϕ k − e iϕj 2 = 4 sin 2 (
) is a unitary random matrix ensemble [27] ), in the case ν = 0, is the Gross-Witten matrix model, that appeared in the study of lattice 2d Yang-Mills theory with the Wilson lattice action [32] [55] . In that theory there is no matter, so it corresponds to two dimensional gluodynamics. Notice however a crucial difference between the appear-ance of the matrix model in the two theories: in the 2d Yang-Mills theory N f = 0 and the group integration is then over U (N ) which corresponds to U (N c ) in the 4d QCD case. Note that, as pointed out in [33] , the matrix integration (2) is over U (N f ), the flavor space and hence, while the model is identical, the description is very different. Taking this into account, we will also focus on the very distinctive property of the Gross-Witten matrix model [32] : a third-order phase transition in the N → ∞ limit which has been the object of intense interest over three decades, since it plays a rather paradigmatic role in the study of confinement/deconfinement and Hagedorn phase transitions [36] and has also been a guide in the study of phase transitions in 4d Yang-Mills theory [37] . We shall thus discuss both aspects of the correspondence with the spin chain: the description of low-energy QCD in terms of the spin chain and the implications of the Gross-Witten phase transition on the spin chain model.
1D XX model and thermal correlation functions
Let us now describe the result in [22] [23] [24] [25] which relates some thermal correlation function of the XX model to a matrix model, which turns out to be the same as before.
Let us begin our discussion by presenting the spin chain model. The S = 1/2 Heisenberg XX spin chain is one of the simplest integrable magnetic chains. It has a wellknown mapping, using the Jordan-Wigner transformation, to a free fermion system [26] . This infinite chain (which we consider with periodic boundary conditions) is characterized by the Hamiltonian
where the summation is over all lattice sites. As usual, σ 
These operators are nilpotent (σ ± i ) 2 = 0, a property that will lead to a determinantal form for the correlation functions that we shall focus on. The other operator satisfies (σ z i ) 2 = 1. Let us begin by defining and describing the correlation functions of the model. Thermal correlation functions of spin chains have been studied for some time [38] and are known to admit determinantal expressions which are simpler in the case of the XX model (4) and have been studied explicitly more recently [22] [23] [24] [25] . Following [25] , the correlation function will be defined on a ferromagnetic state, which is characterized by having all the spins up | ⇑ = ⊗ i | ↑ i , which satisfies σ + k | ⇑ = 0 for all k, and the state is also normalized ⇑ | ⇑ = 1. This state is annihilated by the HamiltonianĤ | ⇑ = 0 and the thermal correlation functions are defined by
Let us consider first the particular case where we only have one spin down K = 1.
By taking into account the commutation relation
where Λ jk = δ j,k+1 + δ j,k−1 , together with the property
This equation is that of a symmetric random walk on a line. Let us also remark that by commutingĤ with σ − l , there is an analogous difference equation but for subscript j with fixed subscript l [25] . Both equations are subject to the initial condition F jl (0) = δ jl , and to boundary conditions that depend on the type of lattice considered. The results in [25] show that the case of general K > 1 generalizes in a straightforward way and the multi-dimensional analogue of (7) is obtained. The initial condition is the same F j1,...,jK ;l1,...,lK (0) = δ j1l1 · · · δ jK lK and the correlation function also satisfies the conditions F j1,...,jK ;l1,...,lK (β) = 0 if l r = l s or j r = j s (r, s = 1, . . . , K), due to the nilpotency of the spin operators, (σ ± i ) 2 = 0. This "non-intersecting" property suggests a determinantal structure and indeed, the solution of the equation for general K can be expressed as [25] F j1,...,jK ;l1,...,lK (β) = det 1≤r,s≤K
where F jl (β) are the one-particle correlation functions satisfying (7) . A matrix model expression for this determinant is given by [25, 39] 
whereŝ λ e iϕ1 , . . . , e iϕn is a Schur polynomial, a symmetric polynomial [40] . The relationship between the partitions α and γ in the r.h.s. of (9) and the j and l that appear in the thermal correlation function is [25] α r = j r − K + r γ r = l r − K + r and the weight function f (ϕ) in the matrix model (9) is the generating function of the one-spin flip process (7). Therefore, noticing that (9) is of the same form as (3) but more general due to the presence of two Schur polynomials, we can identify the number of flipped spins K with the number of flavors N f . In addition, f (ϕ) being the generating function of the one-spin flip process (7), is generically given by
and, in this particular case, by
Therefore, the weight function in (9) is f (ϕ) = e β(h+cos ϕ) .
Notice that the analysis and the final result for the case of one flipped spin K = 1 is identical to Glauber's seminal study of the kinetic Ising model [41] . In particular, the thermal average (5) behaves like the expectation of a single spin in an infinite ring in [41] , with the time variable in [41] identified with our β. By considering now the specific pattern of flipped spins j r = ν +K −r and l r = K −r, we get in (9) the partitions α = (0, . . . , 0) and γ = (ν, . . . , ν). Using that in this case [40] ŝ α e iϕ1 , . . . , e iϕK = 1
we recover exactly equation (3) from equation (9) . That is, we obtain the key equation
(12) where β = V Σm.
A dictionary QCD -spin chains
The topological sector
The first obvious connection arising from equation (12) is that the number of flavors N f corresponds to the number of spins down or, equivalently in the free fermion picture, the particle-number sector to which we restrict our attention in the 1D spin chain.
On top of that, the shift ν in the positions of the spin down particles at both sides of the thermal average in equation (12) induces a phase change in equation (3), responsible for the non-trivial topological sector of the QCD partition function. How to understand this as some type of topological order present in the XX spin chain? The question is tricky since there is in principle no clear way to define topological order in 1D. A possible answer comes from the holographic principle, where one sees a (not necessarily normalized) 1D thermal state e −βH as the boundary of a 2D system. If the 2D system is topologically ordered, this should leave some signature in the 1D state. Starting with the seminal work of Li and Haldane [28] , there has been several recent discussions about which this signature is [29] [30] [31] 42] . Two key facts can be extracted from there: (i) each topological sector in the bulk corresponds to projecting the thermal state of the boundary Hamiltonian in a different sector; and (ii) the bulk topology translates to some dynamical property on the boundary, and is hence related to the momentum. This agrees with the appearance of the translation operation T in equation (12) , which can be simply restated as:
The last equation resembles very much the momentum polarization tool introduced very recently in [42] as a way to detect non-trivial topological behavior [56] . To get (i) and (ii) and then show in a clearer way the topological content of ν it is better to go back to its Fourier dual parameter θ. In order to avoid unnecessary mathematical complications we will assume now a finite chain of 2L + 1 spins and defineT = 
and henceT is just the projector P θ onto the states with momentum θ. Since it commutes trivially with the Hamiltonian, we get finally
By considering the limit L → ∞ and (1) this has the extra benefit of giving an interpretation of the global partition function Z QCD (θ) as a thermal average on the XX-model when the HamiltonianĤ is projected onto the sector of momentum θ. That is,
A mathematically fully rigorous argument of that will be provided in the Appendix.
Different matter content
In the random matrix description of the thermal correlators one can obtain symmetries other than the unitary symmetry of (9) . As happens with the analogous setting of the Calogero model [43] and of non-intersecting random walks [44, 45] , the inclusion of boundaries in the problem leads to other symmetries, such as orthogonal and symplectic symmetries. One of these cases is actually treated explicitly in [25] , where an absorbing boundary condition at the origin is shown to lead to the same matrix model, but with a correlation term between eigenvalues
instead of the usual Vandermonde in (9) . These other situations have a counterpart in the low-energy QCD. In the chiral limit (with the masses of the fermions m f → 0) the relevant random matrix ensembles are the chiral GUE, chiral GOE and chiral GSE ensembles [57] [46] , which are the ensembles that appear when the gauge theory has SU (N c ) symmetry, with N c ≥ 3, for SU (2) gauge group, and again for SU (N c ) and N c ≥ 3 but in the adjoint representation (and fermions in the adjoint representation are Majorana fermions [21] ), respectively [46] . These are precisely the resulting ensembles that describe the spin chain in the limit β → ∞, because the weak-coupling limit of the Gross-Witten model is a Gaussian unitary ensemble [47] .
QCD on the lattice
In addition to other symmetries, obtained with the inclusion of boundaries in the spin chain, one can also consider additional interactions between neighboring spins in the chain. These new interactions modify accordingly the weight function in the matrix model (9) . This allows to extend the correspondence between the spin chain and low-energy QCD to the case where the gauge theory is studied on the lattice [48, 49] . The lattice breaks the chiral symmetry explicitly and hence the effects of the lattice spacing lead to new terms in chiral perturbation theory. This extended low energy theory is known as Wilson chiral perturbation theory and leads to an extension of the matrix model (2), characterized by the addition of potential terms [48, 49] 
where a denotes the lattice spacing and W 6 , W 7 and W 8 are the new low energy constants. The first two terms in (15) are multi-trace potentials which are more difficult to treat in general and, for the moment, have no known spin chain representation. However, these terms are expected to be suppressed in the large N c limit and are often not considered [48, 49] . Interestingly enough, the remaining potential term in (15) can be described in the same manner as above, just by generalizing the spin chain to include next-to nearest neighbors interactions. The resulting Hamiltonian is then
Notice that we previously have identified the β parameter of the spin chain with a single combination of parameters of the effective field theory: β = mV Σ. Now we have to identify βJ 1 = mV Σ and βJ 2 = 2a 2 V W 8 . Thus, the relative strength of the interactions at first and second neighbors depends on the quotient between the masses of the quarks and the lattice spacing, together with the respective low-energy constants
.
Finite chain errors. Experimental accessibility
It is also shown in [24] , with a similar argument, that in the case of a finite chain of L sites, the thermal average at the right hand side of equation (12) It is not difficult to see that the norm of the gradient can be bounded by 2
where β = V Σm. Notice that, for fixed (small) N f and β (for instance N f = 3 in the case of QCD), the error goes linearly to zero by increasing the length of the chain. This opens the door to a possible experimental measure of the quantity Z eff ν,N f (β), at least for ν = 0, N f = 3 and a fixed (and small) β. The crucial point is to realize that the size of the chain, and the number of times that the experiment has to be done in order to approximate Z eff ν,N f (β) within an error ǫ scales only polynomially with 1 ǫ (we treat N f and β as constants). In order to see that, we consider a magnetic field h ≤ −2 such that | ⇑ is the ground state. Note that by equation (11), the magnetic field only gives a factor e βhN f in the thermal average so we can choose its value to our convenience. By (16) , the length of the chain needs to scale only linearly with 1 ǫ . The first step is to restrict to the sector given by N f = 3 spins down (particles in the free fermion picture). In this way, one gets a Hilbert space H 3 , whose dimension scales polynomially with L, and hence with 1 ǫ . The next step is to stabilize the system at the desired temperature, obtaining the thermal state ρ β which is nothing but e −βH tr e −βH beingH the restriction ofĤ to H 3 . Since we have chosen the magnetic field for the state | ⇑ (the vacuum in the free fermion picture) to be the ground state, it is not difficult to see that 1 ≤ tr e −βH ≤ dim H 3 , which makes
But the lefthand side of (17) is the probability of, given the state ρ β and measuring where the three particles are, obtaining that they are in positions one to three. Since this is larger than a polynomial in 1 ǫ , the number of times one needs to make the experiment in order to get this value accurately scales also polynomially with 1 ǫ . Finally note that the three steps needed in the experiment: (1) enforcing the sector of three particles, (2) stabilizing the thermal state within the sector and (3) measuring the positions of the particles are, at least independently, within current experimental technology.
A third order phase transition on the XX chain
The final implication of (12) is the existence of a third order phase transition hidden in the XX-model [58] -the so called Gross-Witten transition. Let us recall here that, as was shown in the seminal paper [32] , if we consider the t'Hooft parameter λ = βK, and we make K → ∞ while keeping λ constant, we obtain a double-scaling limit in Z ν=0,K ( β V Σ ) -now we call it Z GW (β, U (K)) since it is the partition function of the Gross-Witten model with gauge group U (K)-with a third-order phase transition between the two regimes. Formally, the limit for the free energy
gives us [32] lim
By (12), which now reads
this is a phase transition in the XX model. Notice that now the correspondence is between the number of flipped spins and the rank of the gauge group. One may argue that this phase transition only happens in a very unnatural limit of the spin chain parameters. However, there are signatures of this phase transition (a crossover) for very small values of K, as can be seen from the plots for K = 1, 2, 3 in [51] . For this small values of K, and the analogue values of β above and below the "transition point", we know from the above comments on finite chain errors and experimental accessibility that one may be able to "observe" the Gross-Witten phase transition experimentally in a spin chain.
Conclusions
We have uncovered a connection between QCD and the XX model using random matrix models which allows to establish a dictionary between both worlds as sketched in Table I . This opens an avenue to connect different QFT with 1D spin chain Hamiltonians. Specially interesting is the case of Chern-Simons theory due to its connections with topology, knot theory and the fractional quantum Hall effect. We will make a full study in a forthcoming paper, showing that Table I also applies, albeit with a different 1D spin Hamiltonian.
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Appendix: Proof of (13) We will use some simple Banach space tools and notations for that. Let us recall that ℓ 1 is the Banach space of sequences x = (x n ) n∈Z such that x 1 = ∞ n=−∞ |x n | < ∞. It is clear that the direct sum (or cartesian product) of a finite number of copies of ℓ 1 , ⊕ K k=1 ℓ 1 , can be seen as another ℓ 1 just considering the norm (x 1 , . . . ,
In a direct sum as above, convergence is simply equivalent to convergence in each of the factors. We will use the following characterization of convergence for positive sequences in ℓ 1 : given a sequence (
Let us consider N f ×N f matrices with values in ℓ 1 . We identify each column of the matrix with X 1 = ⊕ N f k=1 ℓ 1 , which is another ℓ 1 . The pointwise determinant
is a continuous multilinear map on X 1 with values on ℓ 1 .
We fix β = V Σm and consider ν as the variable (getting sequences in ν ∈ Z).
We denote
From the results in [21, 24] (see also (8)) we know that both R L and R are the determinant of a Toeplitz matrix
where I k (β) is the Bessel function of imaginary argument and
which is trivially periodic (in k) with period 2L + 1. As commented in the finite chain analysis in the main text, the first expression is nothing but a Riemann sum associated with the integral representation of the Bessel function
By the characterization given above, for any fixed r ∈ Z,
. Now, using the continuity of Det 1 , we get that R L converges to R on ℓ 1 . This implies trivially weak convergence, that is, for any bounded sequence 
Appendix: Wilson loops and Schur polynomials
In pure Yang-Mills theory, the Wilson loops are a complete set of observables. It is natural to associate a Wilson loop with a representation λ of the gauge group. Then, the Wilson loop around a closed curve γ is defined by [34] W (λ, γ) = Tr λ P   exp
where the trace of the path-ordered exponential is taken in the representation λ. They are given by the characters χ λ of the gauge group in representation λ and thus, the average of the Wilson loop is described by the insertion of a Schur polynomial in the matrix model.
In a great number of situations, this turns out to be rather generic and only particular cases of the Schur polynomial are considered or needed. See for example, the recent work [52] where the fundamental and adjoint Wilson loops in the Gross-Witten model are examined, to study confinement. The fundamental representation is described by a Young tableaux which is just one row λ = k, with k ∈ Z, and the adjoint case is the antisymmetric representation, and the corresponding Young tableaux is given by one column λ = (1 k ). In these two cases, the Schur polynomial simplifies into homogeneous and elementary symmetric polynomials [40] s (k) (x 1 , ..., x n ) = h k (x 1 , ..., x n ) s 1 k (x 1 , ..., x n ) = e k (x 1 , ..., x n ) Notice the case we have mainly exploited is the one that corresponds to having one Schur insertion in the matrix model with a rectangular partition, where the number of rows is equal to the rank of the matrix model (which is equal to the number of flavors and, in our correspondence, to the number of flipped spins) and the number of columns is the topological charge ν. In other words, λ = ν K . Notice that the number of rows of the Schur polynomial is fixed and always identical to the number of eigenvalues in the matrix model description of the correlator. This is precisely what we need to obtain the determinant, that describes the non-triviality of the topological sector, in the Leutwyler-Smilga integral.
Therefore, the generic spin chain correlator (9) corresponds to a very general setting in the gauge theory, something to be further exploited in the future.
